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The electromagnetic scattering resonances of a non-magnetic object much smaller than the inci-
dent wavelength in vacuum can be either described by the electroquasistatic approximation of the
Maxwell’s equations if its permittivity is negative, or by the magnetoquasistatic approximation, if
its permittivity is sufficiently high. Nevertheless, these two approximations fail to correctly account
for the frequency shift and the radiative broadening of the resonances when the size of the object
becomes comparable to the wavelength of operation. In this manuscript, the radiation corrections
to the electroquasistatic and magnetoquasistatic resonances are derived, which only depend on the
quasistatic current modes. Closed form expressions of the frequency-shift and the radiative Q-factor
of either plasmonic or dielectric modes of small objects are introduced, where the dependencies on
the material and size of the object are explicitly factorized.
I. INTRODUCTION
There exist two mechanisms through which a non-
magnetic object, assumed small compared to the wave-
length, may resonate.
One resonance mechanism occurs in small objects of
high and positive permittivity, arising from the interplay
between the polarization energy stored in the dielectric
and the energy stored in the magnetic field. Manifes-
tation of this kind of resonance can be found at mi-
crowaves where low-loss dielectric materials with rela-
tive permittivities of the order of 100 are routinely used
for various applications including resonators, filters, and
antennas1–4. When the object is very small compared
to the free-space wavelength, and the permittivity very
high, these resonances are well-described by the magne-
toquasistatic approximation of the Maxwells equations5,
where the normal component of the displacement current
density field vanishes on the surface of the particle5,6. In
particular, these resonances are connected to the eigen-
values of the magnetostatic integral operator expressing
the vector potential in terms of the displacement cur-
rent density5. Unfortunately, at optical frequencies, the
permittivity of the available dielectric materials is only
moderately high7–11 and the size of the object has to be
comparable to the incident wavelength to trigger a res-
onant response. In this scenario the magnetoquasistatic
approximation is unable to describe the frequency shift
and the broadening of the resonances.
A dual resonant mechanism is the plasmonic reso-
nance: it occurs in small metal nanoparticles with nega-
tive permittivity, arising from the interplay between the
energy stored in the electric field and the kinetic energy
of the free electrons of the metal. When the object is very
small compared to the free-space wavelength, these res-
onances are described by the electroquasistatic approx-
imation of the Maxwells equations12–16 and associated
to the negative values of susceptibilities in correspon-
dence of which source-free solutions exist. However, it
is known that as the size of the object becomes compa-
rable to the incident wavelength this approximation is
unable to describe the radiative shift and broadening of
the resonances.
In light of these observations, to describe the res-
onances of objects of size comparable to the incident
wavelength, one may be tempted to abandon the qua-
sistatic approximation altogether and then turn to the
full-Maxwell’s equations. There are certainly some ad-
vantages in doing so, including the fact that the full-
wave formulations would enable, given unlimited compu-
tational resources, the treatment of objects of any size.
In facts, scattering resonances have been already investi-
gated by considering full-wave eigenvalue problems based
on volume (e.g. Refs.17,18), surface19–23, and line inte-
gral formulations of the Maxwell’s equations24, differen-
tial formulations (e.g.25,26), Mie Theory (e.g.27–29 etc. for
a recent review see Ref.30). However, the resulting res-
onance frequencies, Q-factors, and resonant modes de-
pend on the morphology, the material, and the size of
the object. A change of any of these parameters would
require an entirely new calculation. These dependencies
are buried below the computational layer, and cannot be
factorized.
Closed form expressions of the Q-factor and frequency
shift of both plasmonic and dielectric modes, where the
dependencies on the material and size of the object are
factorized, are highly desirable. They would enable the
classification of the resonances, and facilitate their en-
gineering, including the coupling with emitters31–34, be-
cause they could be used as a target for the design35,36.
Moreover, in many applications the size of metal or di-
electric objects does not exceed the free-space wavelength
of operation10. These are powerful incentives to pursue
the extension of the two quasi-static scattering limits to
include radiation effect.
In the literature there already exist closed form expres-
sions for the resonance frequency shift and Q-factors in
few scenarios. For plasmonic modes, in Ref.37 Mayergoyz
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2et. al derived the second order correction for electroqua-
sistatic eigenvalues, starting from Maxwell’s equations in
differential form. In Ref.15 Wang and Shen derived the
expression of the Q-factor of a plasmonic mode, when the
non-radiative losses are dominant. To the authors’ best
knowledge the derivation of a general expression for the
Q-factor of plasmonic modes when radiative losses are
dominant, sometimes called anomalous light scattering
regime38, is still missing.
For high-index dielectric resonators, Van Bladel intro-
duced closed form expressions for the Q-factor of the fun-
damental magnetic dipole, and provided the Q-factor of
higher order modes of a rotationally symmetric object6,
considering an asymptotic expansion of the Maxwell’s
equation in differential form in terms of the inverse of
the index of refraction. Following Van Bladel’s work, De
Smedt derived the frequency shift and Q-factor of a rota-
tionally symmetric ring resonator39. General expressions
for both the frequency shift and radiative factor haven’t
been derived yet.
In this paper, the radiation corrections of both the elec-
troquasistatic and magnetoquasistatic resonances and
resonant modes of arbitrarily-shaped non-magnetic ho-
mogeneous and isotropic objects are introduced, starting
from an integral formulation of the Maxwell’s equations.
It is demonstrated that, in the scattering from small par-
ticles, the frequency shift of any mode is a quadratic
function of the size parameter, whose prefactor depends
on the ratio between the second order correction and
the quasistatic eigenvalue. Furthermore, the radiative
Q-factor is an inverse power function of the size param-
eter ∝ x−ni whose exponent is the order ni of the first
non-vanishing imaginary correction, while the prefactor
is the ratio between the quasistatic eigenvalue and the
ni-th order imaginary correction.
This manuscript is organized as follows. First, the
scattering resonances in the two quasistatic regimes are
briefly summarized in Sec. II. Then, in Sec. III, the
full wave scattering problem is formulated and an eigen-
value problem governing the scattering resonances is in-
troduced. This eigenvalue problem is solved perturba-
tively in Secs. IV and V starting from the electroqua-
sistatic and magnetoquasistatic limits, treating the size
parameter as a small parameter. Collecting same-order
terms, closed form radiation corrections are found. In
Sec. VI, the frequency shift and the Q-factor are ob-
tained as a function of these radiation corrections. In
Sec. VII, the tables of plasmonic and photonic resonances
are introduced. They constitute a synthetic classification
of the modes of a homogeneous non-magnetic objects,
and depend solely on its morphology, but not on its size,
material, and frequency of operations. This classifica-
tion may help the description of the elementary building
blocks of the nano-circuitry envisioned by Engheta et al.
in Ref.40. Eventually, the introduced formalism is val-
idated by investigating the resonance frequency and Q-
factors in the scattering response of metal and dielectric
objects of size comparable to the incident wavelength.
II. RESONANCES IN THE QUASISTATIC
REGIME
A homogeneous, isotropic, non-magnetic linear mate-
rial occupies a volume Ω, of characteristic linear dimen-
sion lc, bounded by a closed surface ∂Ω with an outward-
pointing normal nˆ. The material has relative permittiv-
ity εR (ω), and it is surrounded by vacuum.
There exist two mechanisms through this object may
resonate in the quasistatic regime5
A. Electroquasistatic resonances
The first resonance mechanism is the electroquasistatic
resonance, occurring in metals (more in general, in ob-
jects whose dielectric permittivity has a negative real
part) where the induced electric charge plays a central
role. These resonances are connected to the eigenvalues
χ
‖
h of the electrostatic integral operator Le that gives
the electrostatic field as a function of the surface charge
density41
χ
‖
h Le
{
j
‖
h
}
= j
‖
h, (1)
the expression of Le is
Le {W} = −∇˜
‹
∂Ω˜
g0 (r˜− r˜′)W (r˜) · nˆ (r˜) dS˜′, (2)
g0 (r˜− r˜′) = 14pi|r˜−r˜′| . In Eq. 2 the spatial coordinates
have been normalized by lc, i.e. r˜ = r/lc, Ω˜ is the cor-
responding scaled domain, ∂Ω˜ is the boundary of Ω˜, and
∇˜ is the scaled gradient operator. The quasistatic oscil-
lations represented by the electroquasistatic (EQS) cur-
rent modes j
‖
h arise from the interplay between the en-
ergy stored in the electric field and the kinetic energy
of the free electrons in the metal. The spectrum of the
operator Le is discrete37,41. The EQS mode j‖h is char-
acterized by a real and negative eigenvalue χ
‖
h, which is
size-independent37. The modes
{
j
‖
h
}
h∈N
are longitudi-
nal: they are both curl-free and div-free within the ob-
ject, but have non-vanishing normal component to the
object surface37,41. This normal component is related to
the induced surface charge density on ∂Ω, and satisfy the
charge-neutrality condition‹
∂Ω˜
j
‖
h (r˜
′) · n˜ (r˜′) dS˜′ = 0. (3)
Moreover, EQS modes associated to non-degenerate
eigenvalues are orthonormal
〈j‖h, j‖k〉Ω˜ = δh,k (4)
accordingly to the scalar product
〈A,B〉Ω˜ =
˚
Ω˜
A∗ (r˜′) ·B (r˜′) dV˜ ′. (5)
3The EQS mode j
‖
h may exhibit zero dipole moment∣∣∣∣˚
Ω˜
j
‖
h (r˜
′) dV˜ ′
∣∣∣∣ = 0, (6)
in this case it is dark, it is bright otherwise.
B. Magnetoquasistatic resonances
The second mechanism is the magnetoquasistatic res-
onance, occurring in high-permittivity dielectric objects,
where the displacement current density field plays a cen-
tral role. These resonances are connected to the eigen-
values κ⊥h of the magnetostatic integral operator Lm that
gives the vector potential as a function of the current
density5:
κ⊥h Lm
{
j⊥h
}
= j⊥h , (7)
with
j⊥h (r˜) · nˆ (r˜) ∀r˜ ∈ ∂Ω˜, (8)
the expression of Lm is
Lm
{
W⊥k
}
(r˜) =
˚
Ω˜
g0 (r˜− r˜′)W⊥k (r˜) dV˜ ′. (9)
Equation 7 holds in the weak form in the functional space
equipped with the inner product 5 constituted by the
functions which are div-free within Ω˜ and having zero
normal component to ∂Ω˜.
The quasistatic oscillations represented by the mag-
netoquasistatic (MQS) current density modes j⊥h arise
from the interplay between the polarization energy stored
in the dielectric and the energy stored in the magnetic
field. The spectrum of the magnetoquasistatic operator
7 is discrete, too5. The MQS current mode j⊥h is char-
acterized by a real and positive eigenvalue κ⊥h , which is
size-independent. The current modes
{
j⊥h
}
h∈N are trans-
verse modes: they have a non-zero curl within the object,
but are div-free and have a vanishing normal component
on the object surface5. Each current mode j⊥h has zero
electric dipole moment, namely:
˚
Ω˜
j⊥h (r˜
′) dV˜ = 0. (10)
Furthermore, the current density modes associated to
non-degenerate eigenvalues are orthonormal
〈j⊥h |j⊥k 〉 = δh,k. (11)
The current mode j⊥h may generate a vector potential
with zero normal component to ∂Ω, namely:∣∣∣∣nˆ (r˜) ·˚
Ω˜
g0 (r˜− r˜′) j⊥h (r˜′) dV˜
∣∣∣∣ = 0 ∀r˜ ∈ Ω˜. (12)
In this case, the MQS mode j⊥h is called A⊥-mode.
The longitudinal set of EQS current modes
{
j
‖
h
}
h∈N
and the transverse set of MQS
{
j⊥h
}
h∈N modes are or-
thogonal accordingly to the scalar product 5, and to-
gether are a complete basis of the vector space of square
integrable div-free vector fields in Ω.
III. ELECTROMAGNETIC MODES
The full-wave scattering problem can be formulated
by considering as unknown the current density field J in-
duced in the object. This current density particularizes
into conduction current in metals at frequencies below
interband transitions, polarization current in dielectrics,
sum of conduction and polarization currents in metals in
the frequency ranges where interband transitions occur.
The object is illuminated by a time harmonic electro-
magnetic field Re
{
Einc (r) e
iωt
}
. In the frequency do-
main the field J (r) is related to the electric field E (r)
by J (r) = iωε0χ (ω)E (r) where χ (ω) = (εR (ω)− 1)
is the electric susceptibility of the object, and ε0 is the
vacuum permittivity. Both the vector field E and J are
div-free in the region Ω occupied by the object due to the
homogeneity and isotropy of the material. The induced
current density is solutions of the full wave volume inte-
gral equation42–44
J (r)
iωε0χ
= − 1
iωε0
∇
‹
Ω
g (r− r′)J (r′) · nˆ (r′) dS′
− iωµ0
˚
Ω
g (r− r′)J (r′) dV ′ +Einc (r) ∀r ∈ Ω,
(13)
where µ0 is the vacuum permeability, g (r) = e
−ik0r/4pir
is the Green function in vacuum, k0 = ω/c0 and c0 =
1/
√
ε0µ0. The surface and volume integrals represent the
contributions to the induced electric field of the scalar
and vector potentials, respectively. Then, equation 13 is
rewritten as45
J (r˜)
χ
− L{J} (r˜) = iωε0Einc (r˜) ∀r˜ ∈ Ω˜, (14)
where the spatial coordinates are normalized as r˜ = r/lc,
L{W} (r˜) = −∇˜
‹
∂Ω˜
g (r˜− r˜′, x)W (r˜′) · nˆ (r˜′) dS˜′
+ x2
˚
Ω˜
g (r˜− r˜′, x)W (r˜′) dV˜ ′, (15)
Ω˜ is the scaled domain, ∂Ω˜ is boundary of Ω˜, ∇˜ is the
scaled gradient operator, x is the size parameter x =
2pilc/λ, and g (r˜− r˜′, x) is the Green function in vacuum
g (r˜− r˜′, x) = 1
4pi
e−ix|r˜−r˜′|
|r˜− r˜′| =
1
4pi
e−ix∆r˜
∆r˜
, (16)
and ∆r˜ = |r˜− r˜′|.
4The spectral properties of the linear operator L play
a very important role in any resonant scattering mecha-
nism. Since L is compact its spectrum is countable infi-
nite. The operator L is symmetric but not self-adjoint.
For any value of the size parameter x its eigenvalues are
complex with positive imaginary part. The eigenfunc-
tions corresponding to two different eigenvalues are not
orthogonal in the usual sense: they are bi-orthogonal27,46
The eigenvalue problem45
L{jk} = 1
γh
jk (17)
splits into the two eigenvalue problems 1 and 7 (see Sec-
tions II A and Section II B) in the quasi-static regime
x 1 (small object). This fact was already shown for 2D
objects in Ref.23 and for 3D objects in Ref.5. The eigen-
functions of L that in the limit x → 0 tend to the EQS
modes are indicated with {uh (r˜)} and the corresponding
eigenvalues are indicated as {χh}. These eigenfunctions
are called plasmonic modes. Dually, the set of eigenfunc-
tions of L that in the limit x→ 0 tend to the MQS modes
are indicated with {vh (r˜)} and the corresponding eigen-
values are indicated with κh/x
2. Although in the limit
x → 0, the eigenvalues κh/x2 diverge, the quantities κh
remain constant. These eigenfunctions are called dielec-
tric modes.
Forestiere and Miano et al. in Ref.27,28 used the adjec-
tives plasmonic and photonic mode instead of plasmonic
and dielectric mode to identify the same two sets, while
in Ref.29 the authors called them longitudinal and trans-
verse modes. All these nomenclatures are equivalent. It
was shown that this two sets of modes, even if this dis-
tinction is made in the long-wavelength regime, remain
well distinguishable and have different properties even in
the full-wave regime23,27,28.
The union of the two sets {uh (r˜)} and {vh (r˜)} is a
basis for the unknown current density field in equation
13. Its solution is expressed as
J (r˜) = χ
[ ∞∑
h=1
χh
χh − χ 〈u
∗
h,Einc〉Ω˜ uh (r˜)
+
∞∑
h=1
κh
κh − χx2 〈v
∗
h,Einc〉Ω˜ vh (r˜)
]
(18)
where both the set of modes {uh (r˜)} and {vh (r˜)} are
normalized, 〈u∗h,uh〉 = 1 and 〈v∗h,vh〉 = 1 for any
h. This expansion is very useful because it separates
the dependence on the material from the dependence on
the geometry23,24,27,45,46, and has been used in different
contexts28,47,48.
In the next two sections we develop a perturbation the-
ory to evaluate the plasmonic and dielectric resonances
and resonant modes of an object with arbitrary shape and
size parameter x / 1 by starting from the corresponding
modes in the quasistatic regime.
IV. PLASMONIC RESONANCES
To evaluate the plasmonic resonances of small parti-
cles, it is convenient to recast the eigenvalue problem 17
as
− u (r˜)− χ ∇˜
‹
∂Ω˜
g (r˜− r˜′, x)u (r˜′) · nˆ (r˜′) dS˜′+
+ χx2
˚
Ω˜
g (r˜− r˜′, x)u (r˜′) dV˜ ′ = 0 ∀r˜ ∈ Ω˜. (19)
When the free-space wavelength λ = 2pic0/ω is large in
comparison with the characteristic dimension lc, the size
parameter x can be treated as a small parameter and
the Green function g (r), the current mode uh, and the
eigenvalue χh can all be expanded in terms of x in the
neighborhood of the EQS resonance with eigenvalue χ
‖
h
and mode j
‖
h
χh = χ
‖
h + χ
(1)
h x+ χ
(2)
h x
2 + χ
(3)
h x
3 + . . . =
∞∑
k=1
χ
(k)
h x
k ,
(20)
uh = j
‖
h + u
(1)
h x+ u
(2)
h x
2 + u
(3)
h x
3 + · · · =
∞∑
k=1
u
(k)
h x
k ,
(21)
g (r˜− r˜′, x) = ∆r˜−1 − ix− ∆r˜
2!
x2 + i
∆r˜2
3!
x3 + . . .
=
∞∑
k=0
(−i)k∆r˜
k−1
k!
xk . (22)
By using Eqs. 20, 21, and 22, Eq. 19 becomes
− 4pi
∞∑
k=0
u
(k)
h x
k − ∇˜
‹
∂Ω˜
( ∞∑
k=0
(−i)k∆r˜
k−1
k!
xk
)( ∞∑
k=0
u
(k)
n,hx
k
)
dS˜′+( ∞∑
k=1
χ
(k)
h x
k
)˚
Ω˜
( ∞∑
k=0
(−i)k∆r˜
k−1
k!
xk+2
)( ∞∑
k=0
u
(k)
h x
k
)
dV˜ ′ = 0 ∀r ∈ Ω˜, (23)
where u
(k)
n,h = u
(k)
h · n
∣∣∣
∂Ω
and χ
(0)
h = χ
‖
h and u
(0)
h = j
‖
h. In the Supplemental Material all the details of the deriva-
5tion of radiation corrections for plasmonic resonances are
reported49.
Matching the first-order terms in Eq. 23, it is obtained
that the first order corrections vanish regardless of the
object’s shape
χ
(1)
h = 0 (24)
u
(1)
h (r˜) = 0 ∀r ∈ Ω˜ (25)
Collecting the second order terms in Eq. 23, and apply-
ing the normal solvability condition of Fredholm integral
equations50,51, the second order correction χ
(2)
h is derived
χ
(2)
h = −
(
χ
‖
h
)2(
[[j
‖
n,h|
∆r˜
2
|j‖n,h]]∂Ω˜ + 〈〈j‖h|∆r˜−1|j‖h〉〉Ω˜
)
(26)
where
〈〈A |∆r˜α|B〉〉Ω˜
=
1
4pi
˚
Ω˜
A (r˜) ·
˚
Ω˜
|r˜− r˜′|αB (r˜′) dV˜ ′dV˜ , (27)
[[An |∆r˜α|Bn]]∂Ω˜
=
1
4pi
‹
∂Ω˜
An (r˜)
‹
∂Ω˜
|r˜− r˜′|αBn (r˜′) dS˜′dS˜, (28)
and An (r˜) = A · nˆ, Bn (r˜) = B · nˆ on ∂Ω. Accordingly to
Eq. 26, χ
(2)
h is real. Moreover, the first term in parenthe-
sis in Eq. 26 (starting from the left) is associated to the
radiative self-coupling of the surface charge density of the
EQS mode j
‖
h through by the scalar potential, the second
term is instead associated to the quasistatic self-coupling
of the EQS mode j
‖
h through the vector potential. A sec-
ond order correction to the EQS modes has been already
derived in Ref.37 by expanding the Maxwell’s equation in
differential form. It will be demonstrated in Eq. 57 that
χ
(2)
h is connected to the frequency-shift of the plasmonic
mode.
The second order correction of the associated plas-
monic mode u
(2)
h has both longitudinal and transverse
components, denoted as u
(2)‖
h and u
(2)⊥
h respectively:
u
(2)
h = u
(2)‖
h + u
(2)⊥
h =
∞∑
k=1
k 6=h
α
(2)
h,k j
‖
k +
∞∑
k=1
β
(2)
h,k j
⊥
k , (29)
where the longitudinal part u
(2)‖
h is represented in terms
of the EQS modes basis
{
j
‖
k
}
k∈N
, and the transverse part
u
(2)⊥
h in terms of the MQS modes basis
{
j⊥k
}
k∈N. The
expansion coefficients are α
(2)
h,h = 0 and ∀k 6= h
α
(2)
h,k =
χ
‖
kχ
‖
h
χ
‖
k − χ‖h
(
[[j
‖
n,h|
∆r˜
2
|j‖n,k]]∂Ω˜ + 〈〈j‖h|∆r˜−1|j‖k〉〉Ω˜
)
,
(30)
β
(2)
h,k = χ
‖
h 〈〈j‖h|∆r˜−1|j⊥k 〉〉Ω˜ ∀k. (31)
Matching the third order terms in Eq. 23, the third
order correction is obtained, which is purely imaginary
χ
(3)
h = i
(
χ
‖
h
)2(
[[j
‖
n,h|
∆r˜2
3!
|j‖n,h]]∂Ω˜ + 〈〈j‖h|j‖h〉〉Ω
)
. (32)
The first term in parenthesis in Eq. 32, starting from the
left, arise from the radiative self-coupling of the surface
charges of the EQS mode j
‖
h through the scalar potential.
The second term is instead associated to the magnitude
of the net-dipole moment of the mode j
‖
h, and thus it
vanishes for dark modes. If χ
(3)
h 6= 0, the third order
correction determines, as it will be demonstrated in Eq.
58, the radiative Q-factor of h-the plasmonic mode.
However, χ
(3)
h may vanish due to the symmetry. In this
case, to retrieve information about the radiative Q-factor,
it is therefore mandatory to consider the fifth order per-
turbation χ
(5)
h . When χ
(3)
h = 0 and v
(3)‖
h = 0, it has the
expression:
χ
(5)
h = i
(
χ
‖
h
)2(
−[[j‖n,h|
∆r˜4
5!
|j‖n,h]]∂Ω˜ +
χ
(2)
h
χ
‖
h
[[j
‖
n,h|
∆r˜2
3!
|j‖n,h]]∂Ω˜ −〈〈j‖h|
∆r˜2
3!
|j‖h〉〉Ω˜ +
∞∑
k=1
k 6=h
α
(2)
h,k〈〈j‖k|j‖h〉〉
 (33)
where α
(2)
h,k has been defined in Eq. 30. V. DIELECTRIC RESONANCES
To evaluate the dielectric resonances beyond the qua-
sistatic regime it is convenient to recast the eigenvalue
6problem 17 as
− x2v (r˜)− κ∇˜
‹
∂Ω˜
g (r˜− r˜′, x)v (r˜′) · nˆ (r˜′) dS˜′
+ κx2
˚
Ω˜
g (r˜− r˜′, x)v (r˜) dV˜ ′ = 0 ∀r˜ ∈ Ω˜ (34)
As for the plasmonic scenario, the mode v and the cor-
responding eigenvalue κ are expanded at x = 0 in the
neighborhood of MQS eigenvalue κ⊥h and mode j
⊥
h
κh = κ
⊥
h + κ
(1)
h x+ κ
(2)
h x
2 + . . . =
∞∑
k=1
κ
(k)
h x
k, (35)
vh = j
⊥
h + v
(1)
h x+ v
(2)
h x
2 + · · · =
∞∑
k=1
v
(k)
h x
k. (36)
By substituting Eqs. 35, 36, and 22 in Eq. 34
− 4pi
∞∑
k=0
v
(k)
h x
k − ∇˜
‹
∂Ω˜
( ∞∑
k=1
(−i)k∆r˜
k−1
k!
xk−2
)( ∞∑
k=0
v
(k)
hnx
k
)
dS˜′+( ∞∑
k=1
κ
(k)
h x
k
)˚
Ω˜
( ∞∑
k=1
(−i)k∆r˜
k−1
k!
xk
)( ∞∑
k=0
v
(k)
h x
k
)
dV˜ ′ = 0 ∀r ∈ Ω˜, (37)
where v
(k)
hn = v
(k)
h · n
∣∣∣
∂Ω
, κ
(0)
h = κ
⊥
h and v
(0)
h = j
⊥
h . In
the Supplemental Material all the details on the deriva-
tion of radiation corrections for dielectric resonances are
reported49. Here, only the main results are highlighted.
By matching the terms of corresponding order in Eq.
37, it is possible to demonstrate that first order correc-
tions vanish regardless of the shape of the object:
κ
(1)
h = 0 (38)
v
(1)
h (r˜) = 0, ∀r ∈ Ω˜. (39)
The second order correction κ
(2)
h is a real quantity
κ
(2)
h =
(
κ⊥h
)2(〈〈j⊥h |∆r˜2! |j⊥h 〉〉+
∞∑
k=1
χ
‖
k
∣∣∣〈〈j⊥k |∆r˜−1|j‖h〉〉Ω˜∣∣∣2
)
(40)
The first term in parenthesis in Eq. 40 represents the
radiative self-coupling of the MQS mode j⊥h through by
the vector potential, the second term accounts for the
quasistatic coupling of the h-th MQS mode j⊥h with the
EQS modes. As it will be demonstrated in Eq. 64, κ
(2)
h
is connected to the frequency-shift of dielectric modes.
As shown in Eq. 12, the MQS mode j⊥h may be an
A⊥-mode, generating a vector potential with zero normal
component to ∂Ω. In this case, the term 〈〈j‖k|∆r˜−1|j⊥h 〉〉Ω˜
vanishes ∀k, and j⊥h does not couple with any EQS modes
j
‖
k. For A⊥-modes, Eq. 40 further simplifies
κ
(2)
h = κ
2
h 〈〈j⊥h |
∆r˜
2!
|j⊥h 〉〉 for A⊥-modes (41)
The second order correction v
(2)
h to the current density
mode has both longitudinal and transverse components,
denoted as v
(2)‖
h and v
(2)⊥
h , which can be in turn ex-
panded in terms of EQS and MQS current modes, re-
spectively:
v
(2)
h = v
(2)‖
h + v
(2)⊥
h =
∞∑
k=1
α
(2)
h,k j
‖
k +
∞∑
k=1
k 6=h
β
(2)
h,k j
⊥
k (42)
where
α
(2)
h,k = −χ‖k 〈〈j‖k|∆r˜−1|j⊥h 〉〉 (43)
β
(2)
h,k =
κ⊥k κ
⊥
h
κ⊥h − κ⊥k
(
〈〈j⊥h |
∆r˜
2!
|j⊥k 〉〉Ω˜+
∞∑
s=1
χ‖s 〈〈j⊥h |∆r˜−1|j‖s〉〉Ω˜〈〈j‖s|∆r˜−1|j⊥k 〉〉Ω˜
)
(44)
For A⊥-modes the longitudinal part of v(2)h vanishes.
The third order correction κ
(3)
h is purely imaginary:
κ
(3)
h = −i
(
κ⊥h
)2 〈〈j⊥h |∆r˜23! |j⊥h 〉〉Ω˜, (45)
and originates from the radiative self-coupling of the
MQS mode j
‖
h through by the vector potential. The mode
correction v
(3)
h is purely transverse:
v
(3)
h = v
(3)⊥
h =
∞∑
k=1
k 6=hf
β
(3)
h,k j
⊥
k (46)
where β
(3)
h,h = 0, and
β
(3)
h,k = −i
κ⊥k κ
⊥
h
κ⊥h − κ⊥k
〈〈j⊥k |
∆r˜2
3!
|j⊥h 〉〉 ∀h 6= k (47)
As it will be shown in Eq. 45, the correction κ
(3)
h 6= 0 is
associated to the radiative Q-factor of dielectric modes.
7The third order correction κ
(3)
h may vanish due to the
symmetry. In this case, it is mandatory to consider the
fifth order correction χ
(5)
h . If κ
(3)
h = 0, κ
(5)
h has the fol-
lowing simplified expression:
κ
(5)
h = i
(
κ⊥h
)2×
×
〈〈j⊥h |∆r˜
4
5!
|j⊥h 〉〉Ω˜ −
∞∑
k=1
α
(2)
h,k〈〈j‖k|
∆r˜2
3!
|j⊥h 〉〉Ω˜ −
∞∑
k=1
k 6=h
β
(2)
h,k〈〈j⊥k |
∆r˜2
3!
|j⊥h 〉〉Ω˜ + i
∞∑
k=1
α
(5)
h,k〈〈j‖k|∆r˜−1|j⊥h 〉〉Ω˜
 (48)
where
α
(5)
h,k = iχ
‖
k
[ ∞∑
s=1
α
(2)
h,s[[j
‖
n,k|
∆r˜2
3!
|j‖n,s]]∂Ω˜ +
∞∑
s=1
α
(2)
h,s〈〈j‖k|j‖s〉〉Ω − 〈〈j⊥h |
∆r˜2
3!
|j‖k〉〉Ω
]
. (49)
For A⊥-modes Eq. 49 further simplifies
κ
(5)
h = i
(
κ⊥h
)2〈〈j⊥h |∆r˜
4
5!
|j⊥h 〉〉Ω˜ −
∞∑
k=1
k 6=h
κ⊥k κ
⊥
h
κ⊥h − κ⊥k
1∥∥j⊥k ∥∥2 〈〈j⊥h |
∆r˜
2!
|j⊥k 〉〉Ω˜〈〈j⊥k |
∆r˜2
3!
|j⊥h 〉〉Ω˜
 for A⊥-modes (50)
VI. RESONANCE FREQUENCY AND
Q-FACTOR
In the previous section, the second order corrections
χ
(2)
h , κ
(2)
h and non-vanishing imaginary connections χ
(ni)
h ,
κ
(ni)
h of the lowest order, i.e. ni, are derived in closed
form for both plasmonic and dielectric modes. They de-
pend neither on the size of the object nor on its per-
mittivity, but they solely depend on the morphology of
the EQS and MQS modes. In this section, closed form
expressions of the resonance frequency and the Q-factors
are obtained in terms second order and imaginary correc-
tions of the lowest order in both metal dielectric objects.
A. Plasmonic Resonances
It is now assumed that the object is made of a time-
dispersive metal described by the Drude model52,53
χ (ω) = − ω
2
p
ω (ω − iν) , (51)
where ωp and ν are the plasma and collision angular fre-
quencies, and ν  ωp. It is also useful to define the
quantity
xp =
ωp
c0
lc = 2pi
lc
λp
(52)
where λp is the plasma wavelength. The EQS reso-
nance frequency ω
‖
h of the h-th mode, is defined as the
frequency at which the real part of the metal suscep-
tibility Re {χ (ω)} matches the EQS eigenvalue χ‖h, i.e.
χ (ω) = χ
‖
h, therefore
x
‖
h
xp
=
ω
‖
h
ωp
=
1√
−χ‖h
, (53)
where x
‖
h is the size parameter at EQS resonance.
In the full-wave scenario, by looking at the denomi-
nator in the first summation of Eq. 18, the value xh
of the size-parameter at the plasmonic resonance is the
value of x at which the real part of the metal suscepti-
bility χ (ω) matches the real part of the corresponding
eigenvalue χh (xh) of Eq. 17. i.e.
Re {χ (ωh)} = −
ω2p
ω2h
= −x
2
p
x2h
= Re {χh} , (54)
and ωh is the corresponding resonance frequency. Eq. 54
is the resonance condition of plasmonic modes. For small
particles xp / 1, by retaining only the real and imaginary
non-zero corrections of the lowest order in Eq. 20, the
plasmonic eigenvalue χh (x) is approximated as
χh (x) ≈ χ‖h + χ(2)h x2 + χ(ni)h xni , (55)
where ni is the order of the first non-zero imaginary cor-
rection χ
(ni)
h . By using Eq. 55 in 54, and solving the
8resulting biquadratic equation
ωh
ωp
=
xh
xp
=
1√
2xp
√√√√√√√ χ‖hχ(2)h

√√√√√1− 4 χ(2)h(
χ
‖
h
)2 x2p − 1
.
(56)
In the limit xp  1, the frequency shift ∆ωh = ωh −
ω
‖
h, and corresponding shift in the size parameter at the
resonance ∆xh = xh − x‖h can be approximated as
∆ωh
ω
‖
h
=
∆xh
x
‖
h
≈ −1
2
χ
(2)
h
χ
‖
h
(
x
‖
h
)2
xp  1. (57)
In conclusion, the relative frequency shift of any plas-
monic mode is a quadratic function of x
‖
h, whose prefac-
tor is one half the ratio between the second order correc-
tion χ
(2)
h and the EQS eigenvalue χ
‖
h.
The radiative Q-factor Q
‖r
h of the h-th plasmonic mode
is obtained by considering the first summation in 18 when
the resonance condition 54 is met and assuming negligible
non-radiative losses
Q
‖r
h ≈
∣∣∣∣∣ χ‖hχ(ni)h
∣∣∣∣∣
(
1
xh
)ni
. (58)
The Q-factor is an inverse power function of the size pa-
rameter at the resonance whose exponent is the order
ni of the first non-vanishing imaginary correction χ
(ni)
h ,
while the prefactor is the ratio between the EQS eigen-
value χ
‖
h and χ
(ni)
h . The regime in which the radiative
losses are dominant occurs rarely in metal nano object,
and for this reason it is also called anomalous scattering
regime38.
The opposite regime, dominated by non-radiative
losses, is more common. In this case the non-radiative
Q-factor Q⊥nrh is obtained from Eq. 18
Q
‖nr
h ≈
ωp
2ν
. (59)
Equation 59 is not new, but it was already shown by
Wang and Shen in Ref.15.
In an intermediate regime, the resulting Q-factor, in-
dicated with Q
‖
h, can be obtained as
54
1
Q
‖
h
=
1
Q
‖r
h
+
1
Q
‖nr
h
. (60)
B. Dielectric Resonances
It is now assumed that the object is made of a di-
electric material with positive susceptibility χ ≥ 0, with
Im {χ}  Re {χ}. The size parameter x⊥h = 2piω⊥h /c0
at the MQS resonance is defined as the value of x at
which the real part of the susceptibility χ matches the
eigenvalue κ⊥h /x
2, namely:
x⊥h =
ω⊥h
c0
lc =
√
κ⊥h
Re {χ} , (61)
and ω⊥h is the corresponding MQS resonance frequency.
In the full-wave regime, by looking at the denominator
in the second summation of Eq. 18, the value of size
parameter xh = ωh/c0lc at the dielectric resonance is the
value of x at which the real part of the eigenvalue κh/x
2
matches the quantity Re {χ}
Re {κh} = Re {χ}x2, (62)
This is the resonance condition for dielectric modes, and
ωh is the dielectric resonance frequency. For small par-
ticles x / 1, by keeping only the real and imaginary
non-zero corrections of the lowest order in Eq. 35, the
dielectric eigenvalue κh (x) is approximated as
κ (x) ≈ κ⊥h + κ(2)h x2 + κ(ni)h xni , (63)
where ni is the order of the first non-zero imaginary cor-
rection κ
(ni)
h . By using Eq. 63 in 62, and solving the
resulting quadratic equation
xh =
ωh
c0
lc ≈
√
κ⊥h
χ− κ(2)h
=
x⊥h√
1− κ(2)h /Re {χ}
. (64)
For high-index dielectrics χ  1, the relative frequency
shift is
∆ωh
ω⊥h
=
∆xh
x⊥h
=
κ
(2)
h
Re {χ} =
κ
(2)
h
κ⊥h
(
x⊥h
)2
χ 1, (65)
In conclusion, the relative frequency-shift of any dielec-
tric mode is a quadratic function of x⊥h , whose prefactor
is approximately the ratio between the second order cor-
rection κ
(2)
h and the quasistatic eigenvalue κ
⊥
h .
The radiative Q-factor Q⊥rh of the h-th dielectric mode
is obtained by considering the second summation in 18
when the resonance condition 62 is met, and assuming
negligible non-radiative losses
Q⊥rh =
∣∣∣∣∣ κ⊥hκ(ni)h
∣∣∣∣∣
(
1
xh
)ni
. (66)
The radiative Q-factor is an inverse power function of
the size parameter ∝ xni whose exponent is the order
ni of the first non-vanishing imaginary correction κ
(ni)
h ,
while the prefactor is the ratio between the quasistatic
eigenvalue κ⊥h and κ
(ni)
h .
In dielectric resonators the opposite regime, dominated
by non-radiative losses, is less common. In this case the
non-radiative Q-factor Q⊥nrh is
Q⊥nrh =
(
κ⊥h
)2
Im {χ}
(
1
xh
)2
≈ Re {χ}
Im {χ} , (67)
9In an intermediate regime, the Q-factor, indicated with
Q⊥h , is obtained as
54
1
Q⊥h
=
1
Q⊥rh
+
1
Q⊥nrh
. (68)
VII. RESULTS AND DISCUSSION
Given the sole shape of an homogeneous object, the ta-
ble of plasmonic modes and the table of dielectric modes
can be introduced. The two tables of a sphere are shown
in Figs. 1 and 2; the tables of a finite-cylinder with height
equal to the radius are shown in Figs. 5 and 6. The
tables illustrate the EQS and MQS current modes, or-
dered according to their real quasistatic eigenvalue χ
‖
h
and κ⊥h , respectively. Besides the quasistatic eigenvalue,
each resonance is also characterized by the second order
correction κ
(2)
h and χ
(2)
h , and by the lowest-order (non-
vanishing) imaginary correction κ
(ni)
h , χ
(ni)
h , where ni is
odd and n ≥ 3. In both tables, the value of ni is also
highlighted, enclosed in a circle on the top-right of each
box. Plasmonic modes are also labeled with a “D” if dark,
while dielectric resonances are labeled with “A⊥” if the
vector potential generated by the current mode has zero
normal component to ∂Ω˜. The information contained in
these two tables depends neither on the permittivity of
the object nor on its size nor on the frequency of oper-
ation; it depends solely on the morphology of the qua-
sistatic modes.
The tables of plasmonic and dielectric resonances con-
tain essential information to characterize and engineer
the electromagnetic scattering of small objects. Specif-
ically, the frequency shift of both plasmonic and dielec-
tric resonances is a quadratic function of the size pa-
rameter at the quasistatic resonance, whose prefactor is
−χ(2)h /2χ‖h for plasmonic modes and κ(2)h /κ⊥h for dielec-
tric resonances, respectively. Furthermore, the radiative
Q-factor is an inverse power function of the size param-
eter 1/ ∝ xni at the resonance whose exponent is exactly
the order ni, while the prefactor is the ratio χ
‖
h/χ
(ni)
h and
κ⊥h /κ
(ni)
h .
In this manuscript, the electrostatic eigenvalue prob-
lem 1 is solved by the surface integral method outlined in
Refs.12,37. The magnetoquasistatic eigenvalue problem 1
is solved by the numerical method outlined in Refs.5 by
using loop basis functions. Then, the radiation correction
for both plasmonic (Eqs. 26, 32, and 33) and dielectric
eigenvalues (Eqs. 40, 45, and 48) are computed using
standard quadrature formulas, and, if singular, using the
formulas provided by Graglia55,56.
A. Sphere
The plasmonic and dielectric resonances of a sphere
of radius R are now investigated. It is assumed that
lc = R. The sphere is the ideal shape to numerically
validate the radiation corrections, because they also have
analytic expression.
In particular, the EQS eigenvalues and corresponding
corrections of a sphere are:
χ‖n = −
n+ 1
n
, (69a)
χ(2)n = −
2
n2
(n+ 1) (2n+ 1)
(3 + 2n) (2n− 1) , (69b)
χ(2n+1)n = +i
(n+ 1)
n (2n− 1)!! , (69c)
where n = 1, 2, 3, . . . is the multipolar order.
The MQS modes are divided in two sets. The first set
is constituted by the A⊥-modes. Their eigenvalues and
the corresponding corrections are
κ⊥A⊥,n = (rn−1,l)
2
, (70a)
κ
(2)
A⊥,n = −
2n+ 1
2n− 1 , (70b)
κ
(2n+1)
A⊥,n = +i
2
[(2n− 1)!!]2 , (70c)
the remaining modes have a non-vanishing normal com-
ponent of the vector potential on ∂Ω,
κ⊥n = (rn,l)
2
, (71a)
κ(2)n = −
n+ 2
n
, (71b)
κ(2n+3)n = +i
2
n2 [(2n− 1)!!]2 , (71c)
where rn,l denotes the l-th zero of the spherical Bessel
function jn. The formulas in Eqs. 69, 70, and 71 can be
also extrapolated by the perturbing the denominators of
the Mie coefficients, and they also coincide with Pad ex-
pansion of the Mie coefficients found by D. C. Tzarouchis
and A. Sihvola in Refs.57,58
In Table I, the radiative corrections of EQS eigenval-
ues numerically obtained by Eqs. 26, 32, and 33 are
compared against their analytic value in Eq. 69, with a
resulting error below 3%. An analogous comparison is
also done for in Table II for MQS eigenvalues, where the
numerical values obtained by Eqs. 40, 45, and 48 are
compared against their analytic counterpart Eqs. 70-71,
obtaining an error below 5%.
1. Table of plasmonic resonances
The table of plasmonic resonances of a sphere is shown
in Fig. 1. The first three EQS modes j
‖
1−3 of a sphere
are degenerate, in Fig. 1 (a) an exemplification of them
is shown. They are bright and represent three electric
dipoles oriented along mutually orthogonal directions.
The second order correction χ
(2)
1−3 = −2.4 results from
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FIG. 1. Table of plasmonic resonances of a sphere. The electroquasistatic current density modes are ordered according to their
eigenvalue χ
‖
h. The second order correction χ
(2)
h , and non-vanishing imaginary correction χ
(n)
h of lowest-order ni are shown.
The value of ni is reported on the top-right of the corresponding box enclosed in a circle. The dark modes are also labeled with
“D”.
FIG. 2. Table of dielectric modes of a sphere. The magnetoquasistatic current density modes are ordered according to their
eigenvalue κ⊥h . The second order correction κ
(2)
h , and the non-vanishing imaginary correction κ
(n)
h of lowest-order ni are shown.
The value of ni of each mode is reported on the top-right of the corresponding box enclosed in a circle. The current modes
generating a vector potential with vanishing normal component to the surface of the object are labeled with “A⊥”.
# 1-3 4-8
χ
‖
h
numeric -3.00 2.50
analytic -3 -2.5
error [%] 0.12 0.2
χ
(2)
h
numeric -2.38 -0.350
analytic -2.4 -0.357
error [%] 1.1 3.0
χ
(3)
h
numeric 1.98 ∼ 10−9
analytic 2 0
error [%] 1.17 -
χ
(5)
h
numeric - 0.0833
analytic - 0.0816
error [%] - 2.1
TABLE I. EQS eigenvalues of a sphere and their radiative
corrections, obtained numerically by Eqs. 26, 32, 33, and
analytically by Eqs. 69. Relative error.
the sum of two contributions associated to the first and
second term (from left to right) of Eq. 26, whose values
are 1.6 and −3.5. The latter, prevailing, contribution is
associated to the quasistatic self-coupling of j
‖
1−3, while
the former, weaker, term is associated to the radiative
self-coupling of the surface charge densities. The third
order correction χ
(3)
1−3 = +2.92 i , arises from the destruc-
tive interference of the two terms in Eq. 32. The first one
from the left represents the radiative self-coupling of the
surface charges through by the scalar potential (−1.0),
while the second, prevailing, term is proportional to the
1-3 4-6 7-11√
κ⊥h
numeric 3.16 4.53 4.52
analytic 3.14 4.49 4.49
error [%] 0.64 1.81 1.04
κ
(2)
h
numeric -3.02 -3.08 -1.69
analytic -3 -3 -1.67
error [%] 0.67 2.3 1.2
κ
(3)
h
numeric 2.0 0 0
analytic 2 0 0
error [%] 0.14 - -
κ
(5)
h
numeric - 2.1 0.22
analytic κ
(5)
h - 2 0.22
error [%] - 4.9 0.7
TABLE II. MQS eigenvalues of a sphere and their radiative
corrections, obtained numerically by Eqs. 40, 45, 48, and
analytically by Eqs. 70-71. Relative error.
net-dipole moment of j
‖
1−3 (+3.0).
The next five EQS modes j
‖
4−8 are degenerate. They
have quadrupolar character, thus they are dark. One
exemplification is shown in Fig. 1 (b). As for the
dipole modes j
‖
1−3 , the second order correction χ
(2)
4−8 =
−0.35 results from interplay between the first and sec-
ond terms (from left to right) of Eq. 26, whose values
are 0.24 and −0.59. The third order corrections χ(3)4−8
vanishes since 〈〈j‖h|j‖h〉〉Ω = 0 because j‖4−8 are dark, and
[[j
‖
n,h|∆r˜2|j‖n,h]]∂Ω˜ = 0 because of the mode symmetry.
11
Therefore, to get information on the radiative Q-factor
of j
‖
4−8, it is mandatory to calculate the next imaginary
correction, namely χ
(5)
h through Eq. 33. This expression
is greatly simplified because the terms [[j
‖
n,h|∆r˜2|j‖n,h]]∂Ω˜
and 〈〈j‖k|j‖h〉〉Ω vanish
χ
(5)
h = −i
(
χ
‖
h
)2(
[[j
‖
n,h|
∆r˜4
5!
|j‖n,h]]∂Ω˜ + 〈〈j‖h|
∆r˜2
3!
|j‖h〉〉Ω˜
)
;
(72)
the two terms in Eq. 72 have values of opposite sign,
namely −0.055 i and +0.137 i, respectively.
Next, similar considerations applies to octupolar
modes j⊥9−15 shown in Fig. 2 (c), and to the hexade-
capolar modes j⊥16−24 shown in Fig. 2 (d).
2. Table of dielectric resonances
The table of dielectric resonances of a sphere is shown
in Fig. 2. The fundamental MQS modes j⊥1−3 of the
sphere, shown in Fig. 2 (a), are three degenerate mag-
netic dipoles oriented along three orthogonal axis. The
current modes j⊥1−3 are A⊥-modes since they generate
a vector potential with zero normal component to ∂Ω.
Thus, the second order correction κ
(2)
1−3 has the sim-
plified expression given by Eq. 41, because the term
〈〈j‖k|∆r˜−1|j⊥1−3〉〉Ω˜ vanishes ∀k, and j⊥1−3 do not couple
with any EQS modes j
‖
k. The second order correction de-
pends on the radiative self-coupling of j⊥1−3 through the
vector potential. The third order correction κ
(3)
1−3 is given
by Eq. 45 and depends on the radiative self-coupling of
j⊥1−3 through the vector potential.
Then, the three degenerate modes j⊥4−6 are shown in
Fig. 2 (b), are referred to as electric toroidal dipoles in
the nano-optics community59. Contrarily to the previous
modes, each of the modes j⊥4−6 generates a vector po-
tential with a non-vanishing normal component on ∂Ω,
enabling the coupling between MQS and EQS modes,
namely 〈〈j⊥k |∆r˜−1|j‖4−6〉〉Ω˜ 6= 0. In particular, j⊥4−6 couple
with the three EQS dipole modes j
‖
1−3, shown in Fig. 1
(a), whereas the coupling with the remaining EQS modes
is zero. Both the contributions to κ
(2)
4−6 shown in Eq.
40 are different from zero and have the same sign. The
third order correction κ
(3)
4−6 vanishes because, for symme-
try considerations 〈〈j⊥h |∆r˜2|j⊥h 〉〉Ω˜ = 0. Thus, the first non
vanishing imaginary correction is κ
(5)
4−6, given in Eq. 48.
It arises from four contribution the third one from the
left is negligible, the remaining contributions contribute
with the same sign.
Next, the degenerate modes are j⊥7−11 are shown in
Fig. 2 (c). As already pointed out in Ref.5 the modes
j⊥7−11 have the same MQS eigenvalue of electric toroidal
dipoles5 j⊥4−6 . Nevertheless, differently from the elec-
tric toroidal dipoles they are A⊥-modes. For this reason
the second order correction κ
(2)
7−11 has the simplified ex-
pression shown in Eq. 41. The symmetry of the current
mode implies 〈〈j⊥h |∆r˜2|j⊥h 〉〉Ω˜ = 0 and thus a vanishing
third order correction. The fifth order correction κ
(5)
7−11
can be easily calculated by 50, where, the second term
from the left, which accounts for the coupling among dif-
ferent MQS modes is also negligible.
Similar considerations apply also to the degenerate
modes j⊥12−16, shown in Fig. 2 (d).
3. Dipole Excitation
The sphere is now excited by an electric dipole. Specif-
ically, the sphere of radius R is centered in the origin,
while the exciting dipole is oriented along xˆ and it is
positioned in rd = (0, 0, 1.5R), namely
Einc (r) = N
(3)
e11 (r− rd) . (73)
Under the same excitation conditions, two different sce-
narios are investigated. In the first one, shown in Fig. 3,
the sphere is made of a Drude metal, in the second one,
shown in Fig. 4, of a high/moderate-index dielectric.
In both cases, low-losses are assumed: this hypothesis is
essential for a quantitative comparison between the esti-
mated Q-factor and the peaks broadening, which would
have been otherwise dominated by non-radiative losses.
The absorbed power spectrum Wabs is calculated by the
Mie analytic solution60, and the translation-addition the-
orem for vector spherical wave functions (VSWFs)61,62 is
used to translate the exciting dipole of Eq. 73 into the
corresponding VSWFs set centered in the sphere’s center.
The reason behind the choice of the dipole as excitation
and of the absorbed power as physical observable is that
without these two hypothesis, some modes would not be
excited or probed.
The radiative shift of the peaks of Wabs and their Q-
factors are then investigated. In particular, the plas-
monic and dielectric resonance frequencies are compared
against the frequencies ωˆh, associated to the curve peaks.
Similarly, Q-factors of plasmonic and dielectric modes are
validated against the corresponding heuristic Q-factors,
given by the ratio of the resonance frequency ωˆh to the
width ∆ωFWHM,h of the resonance curve between two
points, at the either side of the resonance, where the ordi-
nate is the half of the maximum absorbed power, namely
the full width at half maximum (FWHM)63
Qˆh =
ωˆh
∆ωFWHM,h
. (74)
In the Wabs spectra of Fig. 3,4 a segment joining the two
ordinates at half maximum is also shown.
Metal Sphere. A metal sphere is investigated in Fig.
3, assuming a low-loss Drude metal with ν = 10−4ωp.
The absorbed power spectra Wabs are evaluated as a
function of x/xp = ω/ωp for three different values of xp,
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FIG. 3. Normalized power Wabs absorbed by a Drude metal
sphere (ν = 10−4ωp) with radius R = lc as a function of
ω/ωp = x/xp for xp = 0.1 (a), xp = 0.5 (b), xp = 0.5 (c). The
sphere is centered in (0, 0, 0) and it is excited by an electric
dipole Einc (r) = N
(3)
e11 at position (0, 0, 1.5R), as in the inset.
The resonance frequencies obtained by Eq. 56 are shown with
vertical dashed lines, whose color matches the associated box
of Fig. 5. Horizontal lines show the FWHM of the broadest
peaks.
namely 0.1 (a), 0.5 (a), 1 (c). The normalization adopted
in Fig. 3 makes the corresponding curves independent of
the particular value of ωp. Nevertheless, it is useful to
contextualize the chosen values of xp to actual materials:
for a gold sphere64 with ωp ≈ 6.79 T rad/s, they corre-
spond to R = 4.5nm (a), R = 22nm (b), and R = 45nm
(c). The positions predicted by Eq. 56 for first three sets
of degenerate EQS modes, u1−3, u4−8, and u9−15, are
shown with vertical dashed lines.
Based on the information contained in Fig. 1, the ratio
between the second order correction and the EQS eigen-
value is significantly larger for the u1−3 than for u4−8
or u9−15, thus the modes u1−3 experiences the largest
shift as xp increases. Moreover, the lowest non-vanishing
imaginary correction ni = 3 for u1−3, 5 for u4−8, and 7
for u9−15; thus the modes u1−3 also undergoes the largest
radiative broadening.
In Fig. 3 (a) the radius R is small compared to
the plasma wavelength λp, and the EQS approximation
works well: Eq. 51 exactly predicts the occurrence of the
Wabs peaks.
In Fig. 3 (b) xp is increased to 0.5, and the Wabs peaks
undergo a broadening and deviate from their quasistatic
position, especially the peaks associated to u1−3. Never-
theless, the plasmonic resonances obtained through Eq.
56, which incorporates the radiation corrections, accu-
rately predict the occurrence of the Wabs peaks.
xp h u1−3 u4−8
0.5
theory ωh/ωp 0.5601 0.6280
heuristic ωˆh/ωp 0.559 0.6322
theory
Q
‖r
h 68.3 9824
Q
‖nr
h 5000 5000
Q
‖
h 68.3 3313
heuristic Qˆr 66.6 3875
0.1
theory ωh/ωp 0.523 0.6280
heuristic ωˆh/ωp 0.515 0.6133
theory
Q
‖r
h 10 338
Q
‖nr
h 5000 5000
Q
‖
h 10 338
heuristic Qˆh 7.15 340
TABLE III. Resonance frequencies ωh and Q-factors Q
‖r
h ,
Q
‖nr
h , Q
‖
h of the first plasmonic modes of a Drude metal sphere
(ν = 10−4ωp), and their heuristic estimates ωˆh and Qˆh.
In Table III, the resonance frequencies ωh are com-
pared against the corresponding peak positions ωˆh and
the Q-factors against their heuristic counterparts. As
expected, for xp = 0.5 the Q-factor of the dipole modes
u1−3 is the lowest one, being, unlike the others, dom-
inated by radiative losses. For the investigated peaks
Eqs. 58, 59, and 60 correctly predict the Q-factors.
Eventually, in Fig. 3, R is comparable to the plasma
wavelength λp, namely xp = 1. The peaks experience a
further shift, nevertheless thanks to the radiation correc-
tions, Eq. 56 is still able to accurately locate the reso-
nances with an error < 1.5%, as also quantified by Tab.
III. Also the Q-factors of the modes u1−3 and u4−8 are
predicted with good accuracy. Now, they are both dom-
inated by radiative losses, Q
‖r
1−3 are broader than Q
‖r
4−8
High/moderate index sphere In Fig. 4 the power
absorbed by a sphere made of a non-dispersive high-index
dielectric with low-losses is investigated. The absorbed
power Wabs is shown as a function of the parameter x
√
χ
for three different values of susceptibility χ, namely χ =
104 − 1i, χ = 99 − 0.01i χ = 14.45 − 0.1456 i, shown
in Figs. 4 (a)-(c), respectively. The expected resonance
positions of the three sets of dielectric modes, namely
v1−3, v4−6, and v7−11, are shown with vertical lines,
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FIG. 4. Normalized power absorbed by a dielectric sphere
with radius R = lc, and susceptibility χ = (a) 10
4+1i, (b) 99+
0.01i, (c) 14.45+0.1456i, as a function of x
√
χ. The sphere is
centered in (0, 0, 0) and it is excited by electric dipole oriented
along xˆ, e.g. Einc (r) = N
(3)
e11 at position (0, 0, 1.5R), as in the
inset. The first six corrected eigenvalues
√
κh are shown with
dashed lines whose color matches the associated box of Fig.
6. Horizontal lines show the FWHM of the broadest peaks.
with color matching the box of the corresponding modes
of the table of dielectric resonances in Fig. 2.
Based on the information contained in Fig. 2, the ra-
tio between the second order correction and the MQS
eigenvalue is larger for the v1−3 than for v4−6 or v7−11,
thus the modes v1−3 experiences the largest shift as the
xp increases. Moreover, the lowest non-vanishing imagi-
nary correction ni = 3 for v1−3, ni = 5 for v4−7 and for
v7−11 thus the magnetic dipole modes v1−3 undergoes
the largest radiative broadening.
In Fig. 4 (a), the size parameter is small, i.e. x ∈
[0.025, 0.065]  1, and the MQS approximation works
well: Eq. 61 exactly predicts the occurrence of the Wabs
peaks.
Next, in Fig. 4 (b) x ∈ [0.25, 0.65] < 1 and χ =
99 + 0.01i: the peaks position red-shifts against their
MQS position, but Eq. 64, which includes the radiation
corrections, predicts their occurrence. In Tab. IV the
expected resonance frequencies and Q-factors are com-
pared against the peak positions and the correspond-
ing heuristic Q-factors. The radiative damping deter-
mines the broadening of the magnetic dipole modes v1−3,
while non-radiative mechanisms dominate the remaining
peaks. The agreement of the overall Q-factors Q⊥h with
its heuristic counterparts Qˆh is good.
Eventually, in Fig. 4 (c), a silicon sphere with χ =
14.45−0.1456i is investigated in the range x ∈ [0.64, 1.6].
The shift of the peaks against the MQS position is sig-
nificant, but including the radiation corrections, Eq. 61
predicts their occurrence with an error ≤ 2%. In Tab. IV
shows that the radiative damping causes of the broaden-
ing of the first and third peaks, and the values of the
Qrh calculated by Eq. 58 are very close to their heuristic
counterparts. The second peak is not visible anymore.
χ v1−3 v4−6 v7−11
99− 0.01 i
theory xh
√
χ 3.095 4.456 4.423
heuristic xpeak
√
χ 3.113 4.477 4.441
theory
Q⊥rh 163 579 5043
Q⊥nrh 10
4 104 104
Q⊥h 163 547 3352
heuristic Qrh 171 448 3731
14.45− 0.145 i
theory xh
√
χ 2.860 3.863 4.255
heuristic xˆh
√
χ 2.9074 - 4.2373
theory Q⊥h ≈ Q⊥rh 11.60 - 51.7
heuristic Qˆh 13 - 43
TABLE IV. Resonance position xh
√
χ and Q-factors Q⊥rh ,
Q⊥nrh , Q
⊥
h of the first dielectric modes of a dielectric sphere
with different values susceptibility χ, and their heuristic esti-
mates xˆh
√
χ and Qˆh.
B. Finite Size Cylinder
1. Table of Plasmonic Resonances
The table of plasmonic resonances of a cylinder with
H = R is presented in Fig. 5. It is assumed that lc = R.
In Fig. 5 (a) the first set of two degenerate EQS cur-
rent density modes j
‖
1−2 is described. They represent two
electric dipoles oriented along mutually orthogonal direc-
tions, thus they are bright. The second order correction
χ
(2)
1−2 = −3.94 results from the competition of the two
terms in Eq. 26, which account for the quasistatic self-
coupling of j
‖
1−2 through the vector potential (−5.68),
and for the radiative self-coupling of the surface charge
densities through the scalar potential (1.74). Also the
third order correction χ
(3)
1−2 = +2.92 i arises from the in-
terplay of two competing terms in Eq. 32, accounting for
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the radiative self-coupling of the surface charge density
(−1.47i), and the magnitude of the net-dipole moment
of j
‖
1−2 (+4.39i).
The next EQS modes are two degenerate couples,
namely j
‖
3−4, and j
‖
5−6 shown in Fig. 5 (b)-(c). They
have quadrupolar character with zero dipole moment,
thus they are dark. In both cases, the third order correc-
tions in Eq. 32 vanishes: in particular 〈〈j‖h|j‖h〉〉Ω = 0 be-
cause j
‖
3−4 and j
‖
5−6 are dark, while [[j
‖
n,h|∆r˜2|j‖n,h]]∂Ω˜ = 0
because of their symmetry. Therefore, to obtain informa-
tion on the radiative Q-factor, it is mandatory to calcu-
late the fifth order correction χ
(5)
h . It can be calculated by
Eq. 72 because [[j
‖
n,h|∆r˜2|j‖n,h]]∂Ω˜ = 0 and 〈〈j‖k|j‖h〉〉Ω = 0.
In both cases, the two terms in Eq. 72 contribute with
opposite signs, and the latter one, associated to the radia-
tive self-coupling of the EQS current modes, is dominant.
In Fig. 5 (d) the EQS mode j
‖
7 is shown. This mode is
associated to a vertical electric dipole, thus it is bright.
The second order correction χ
(2)
7 = −4.07 results from
the sum of two contributions associated to the first and
second terms from left to right in Eq. 26, whose value
is 0.47 and −4.94. The third order correction χ(3)1−2 =
+2.92 i is the sum of the two terms Eq. 32, with values
−0.35 and 4.44 (from left to right).
2. Table of Dielectric Resonances
The table of dielectric resonances of the finite size
cylinder is presented in Fig. 6. The fundamental MQS
mode j⊥1 , shown in Fig. 6 (a), is a magnetic dipole
oriented along the vertical axis. The current mode j⊥1
generates a vector potential with zero normal compo-
nent to ∂Ω, thus it is an A⊥-mode. As a consequence
the term j⊥1 does not couple with any EQS mode, i.e.
〈〈j‖k|∆r˜−1|j⊥1 〉〉Ω˜ = 0 ∀k, and the second order correction
κ
(2)
1 is given by Eq. 41. The third order correction is
given by Eq. 45 and it is connected to the radiative self-
coupling of j⊥1 through by the vector potential.
The next couple of degenerate modes
{
j⊥2 , j
⊥
3
}
, shown
in Fig. 6 (b), are magnetic dipoles oriented along two
orthogonal horizontal directions. Analogously to j⊥1 , they
are A⊥-modes, and similar considerations apply.
The next degenerate modes j⊥4−5 are shown in Fig.
6 (c). They are known as electrical toroidal dipoles
within the nano-optics community, and as HEM12δ
within the antenna community4. Contrarily to the pre-
vious modes, the currents j⊥4−5 generate vector poten-
tials with a non-vanishing normal component on ∂Ω,
enabling the coupling between MQS and EQS modes,
namely 〈〈j⊥k |∆r˜−1|j‖4−5〉〉Ω˜ 6= 0. In particular, the MQS
modes j⊥4−5 couple with the two horizontal EQS dipoles
j
‖
1, j
‖
2, shown in Fig. 5 (a), whereas the coupling with
the remaining EQS modes is negligible. Both the con-
tributions to κ
(2)
4−5 shown in Eq. 40 are thus different
from zero and have the same sign. Due to the symme-
try, the term 〈〈j⊥h |∆r˜2|j⊥h 〉〉Ω˜ is zero and the third order
correction vanishes. Thus, the calculation of κ
(5)
4−5 by Eq.
48 is required to retrieve information about the radiative
Q-factor. Among the four contributions in 48 the third
from the left is negligible, the remaining contributions
contribute with the same sign, and the last one is the
dominant one.
The next mode is j⊥6 , namely a vertical electrical
toroidal dipole, or TM01δ, is shown in Fig. 6 (d). It gen-
erates electric fields with a non-vanishing normal compo-
nent on ∂Ω, and exhibits a non-negligible coupling with
the vertical EQS dipole j
‖
7, 〈〈j⊥7 |∆r˜−1|j‖4−5〉〉Ω˜ 6= 0. Its
properties are analogous to those of j⊥4−5, and the values
of the second and fifth order correction are reported in
Fig. 6.
The next couple of degenerate modes j⊥7−8, shown in
Fig. 6 (e), are A⊥-modes. Therefore, the second order
correction is given by Eq. 41. The symmetry of the
current mode implies 〈〈j⊥h |∆r˜2|j⊥h 〉〉Ω˜ = 0 and thus a van-
ishing third order correction. The fifth order correction
κ
(5)
4−5 can be calculated by Eq. 50, where, the second term
from the left, which accounts for the coupling among dif-
ferent MQS modes, is negligible.
3. Dipole Excitation
The cylinder is excited by an electric dipole. Specif-
ically, the cylinder of radius R and height H = R is
centered in the origin and oriented along zˆ, while the ex-
citing dipole is oriented along yˆ and it is positioned in
rd = (R, 0, 1.5R), namely
Einc (r) = N
(3)
o11 (r− rd) . (75)
Assuming the same geometry and excitation conditions,
two different scenarios are investigated. In the first one,
the cylinder is assumed to be made of a Drude metal, in
the second of a high/moderate-index dielectric. The ab-
sorbed power Wabs spectrum is calculated by an in-house
full-Maxwell numerical method based on the Surface In-
tegral Equation Method65. The frequency shift and the
broadening of the resonances are then investigated.
Metal cylinder In Fig. 7 the first scenario is investi-
gated, assuming a low loss Drude metal with ν = 10−3ωp.
The absorbed power Wabs is shown as a function of
x/xp = ω/ωp for three different values of xp, namely
(a) 0.1, (b) 0.5, and (c) 1. For gold cylinders, by assum-
ing, as in Ref.64, ωp ≈ 6.79 Trad/s, the three values of
xp correspond to R = 4.5nm (a), R = 22nm (b), and
R = 45nm (c). The expected resonance positions (ob-
tained by Eq. 56) of the first three plasmonic modes,
namely u1−2, u3−4, and u5−6, are shown with vertical
dashed lines.
Based on the table of plasmonic modes, the ratio be-
tween the second order correction and the EQS eigen-
value is significantly larger for the u1−2 than for u3−4 or
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FIG. 5. Table of plasmonic resonances of a finite-size cylinder with lc = R = H. The electroquasistatic current density modes
j
‖
h are ordered according to their eigenvalue χ
‖
h. Their field lines are shown with black arrows on representative planes, and their
normal component on ∂Ω is represented with colors. The second order correction χ
(2)
h , and by the non-vanishing imaginary
correction χ
(n)
h of lowest-order ni. The value of ni is also highlighted on the top-right of each box.The dark modes are also
labeled with D.
FIG. 6. Table of dielectric resonances of a finite-size cylinder with lc = R = H. The magnetoquasistatic current density modes
are ordered according to their eigenvalue κ⊥h . The second order correction κ
(2)
h , and the non-vanishing imaginary correction
κ
(n)
h of lowest-order ni. The value of ni is also highlighted on the top-right of each box. The current modes generating a vector
potential with vanishing normal component on ∂Ω are labeled with the symbol A⊥.
u5−6, thus the modes u1−2 experiences the largest shift as
xp increases. Moreover, the lowest non-vanishing imag-
inary correction ni = 3 for u1−2, 5 for u3−4 and u5−6;
thus the modes u1−3 also undergoes the largest radiative
broadening.
In Fig. 7 (a) R  λp, the EQS resonances obtained
by Eq. 51 accurately predict the occurrence of the Wabs
peaks. The non-radiative losses cause the broadening of
all peaks.
In Fig. 7 (b), by increasing the size parameter to
xp = 0.5, the peaks of Wabs start to shift, especially
the one associated to the horizontal electric dipoles u1−2.
Nevertheless, including the radiation correction, Eq. 56
predicts their occurrence with a relative error less than
0.5%, as shown in Table V. In this table, the Q-factors
obtained by Eqs. 58, 59, 60 are also compared against
their heuristic counterparts, defined in Eq. 74. The Q-
factor of the the modes u1−2 is limited by their radiative
losses, while the Q-factors of the modes u3−4 and u5−6
are limited by non-radiative damping mechanisms. This
is because, accordingly to the table of plasmonic reso-
nances, Q
‖r
1−2 goes as ∝ x−31−2, while Q‖r3−4 and Q‖r5−6 as
∝ x−5h . Good quantitative agreement is found between
Q
‖
h and the corresponding heuristic value Qˆh.
xp h v1−2 v3−4 v5−6
0.5
theory ωh/ωp 0.4625 0.5363 0.5480
heuristic ωˆh/ωp 0.4637 0.5364 0.5478
theory
Q
‖r
h 122 2279 2596
Q
‖nr
h 500 500 500
Q
‖
h 107 489 490
heuristic Qˆh 100 412 547
1
theory ωh/ωp 0.4329 0.5281 0.5410
heuristic ωˆh/ωp 0.4348 0.5271 0.5391
theory
Q
‖r
h 18 768 865
Q
‖nr
h 500 500 500
Q
‖
h 25 312 324
heuristic Qˆh 17 310 292
TABLE V. Resonance frequencies ωh and Q-factorsQ
‖r
h , Q
‖nr
h ,
Q
‖
h of the first plasmonic modes of a Drude metal cylinder
(ν = 10−4ωp) with R = H, and their heuristic estimates ωˆh
and Qˆh.
In Fig. 7 (c), the cylinder has radius comparable to
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FIG. 7. Normalized power absorbed by a Drude metal cylin-
der (ν = 10−4ωp) with radius R = lc and height H = R as
a function of ω/ωp = x/xp. Three different size parameters
xp = lcωp/c0 have been considered xp = 0.1 (a), xp = 0.5
(b), xp = 0.5 (c). The cylinder is centered in (0, 0, 0) and it
is excited by an electric dipole Einc (r) = N
(3)
o11 at position
(R, 0, 1.5R), as in the inset. The resonance frequencies ob-
tained by Eq. 56 are shown with dashed lines, whose color
matches the corresponding box of Fig. 5. Horizontal lines
show the FWHM of the broadest peaks.
the plasma wavelength. Despite the further shift of the
peaks, the radiation corrections are still able to correctly
locate the resonances, with an error less than 0.5% (see
Tab. V). Moreover, Tab. V shows that while the broad-
ening of the first peak arises from the radiative damping,
both radiative and non-radiative damping contribute to
the broadening of the second and third peak. The to-
tal Q-factor is also in good agreement with the heuristic
Q-factor in the investigated cases.
High/moderate index cylinder In Fig. 8 the power
absorbed by a cylinder constituted by a non-dispersive
high/moderate-index dielectric with low-losses is investi-
gated. The absorbed power Wabs is shown as a func-
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FIG. 8. Normalized power absorbed by a finite-size cylinder
with radius R = lc, height H = R, and χ = (a) 10
4 − 1i,
(b) 99− 0.01i, (c) 14.45− 0.1456i, as a function of y = x√χ.
The cylinder is centered in (0, 0, 0) and it is excited by elec-
tric dipole oriented along yˆ, e.g. Einc (r) = N
(3)
o11 at position
(R, 0, 1.5R). The corrected eigenvalues
√
κh are shown with
dashed lines, whose color matches the associated box of Fig.
6. Horizontal lines show the FWHM of the broadest peaks.
tion of x
√
χ for three different values of εR, namely
χ = 104 − 1i, χ = 99 − 0.01i χ = 14.45 − 0.1456i. The
resonance positions obtained by Eq. 64, of the first five
non-degenerate dielectric modes, namely v1, v2−3, v4−5,
v6−7, and v7−8 are shown with dashed vertical lines.
In Fig. 8 (a), the size parameter of the cylinder is
small, i.e. x ∈ [0.0275, 0.055] 1, and the MQS approx-
imation accurately predicts the occurrence of the peaks
through Eq. 61. Next, in Fig. 8 (b), it is assumed that
χ = 99− 0.01i and x ∈ [0.0275, 0.55] < 1: the peaks un-
dergo a shift from their MQS positions, but, including the
radiation corrections, Eq. 64 predicts their occurrence
with an error < 0.2%. The resonances and Q-factors of
v1, v2−3, and v7−8 are compared in Tab. VI against
the actual peak positions and heuristic Q-factors. Good
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agreement is found. Moreover, in this case, the Q-factors
of v1, v2−3 are dominated by radiative losses, while for
v7−8 non-radiative losses play also a role.
Eventually, in Fig. 8 (c), a silicon cylinder with x ∈
[0.72, 1.44] and χ = 14.45 − 0.1456i is considered. The
size parameter is now of the order of one and the peaks
undergo a significant shift and broadening. Nevertheless,
Eq. 64 is able to predict the peaks occurrence with an
error lower than 2.5%, as shown in Tab. VI. In this
same table, the corresponding Q-factors, all dominated
by radiative losses, are also listed and are very close to
their heuristic counterpart.
χ v1 v2−3 v9
99− 0.01 i
theory xh
√
χ 3.209 3.986 5.248
heuristic xˆh
√
χ 3.214 3.980 5.230
theory
Q⊥rh 147 118 3117
Q⊥nrh 10
4 104 104
Q⊥h 144 116 2615
heuristic Qˆh 156 126 2615
14.45− 0.1456 i
theory xh
√
χ 2.935 3.600 4.989
heuristic xˆh
√
χ 3.007 3.677 4.938
theory Q⊥h ≈ Q⊥rh 10.74 8.87 32.6
heuristic Qˆh 11.5 8.67 31.9
TABLE VI. Resonance position xh
√
χ and Q-factors Q⊥rh ,
Q⊥nrh , Q
⊥
h of the first dielectric modes of a dielectric cylinder
(H = R) with different susceptibility χ, and their correspond-
ing heuristic estimates xˆh
√
χand Qˆh.
VIII. CONCLUSIONS
Maxwell’s equations provide an exhaustive description
of classical electromagnetic phenomena, from the sim-
plest to the most sophisticated ones. However, in many
applications wave phenomena occurring at short time
scales are of no practical concern, and the fields may be
described by either their magnetoquasistatic or the elec-
troquasistatic approximation, i.e. the approximations
behind the description of capacitors and inductors. This
is also the case for light scattering: resonances in metal or
high-index objects, assumed much smaller than the vac-
uum wavelength, may be respectively described by the
electroquasistatic or the magnetoquasistatic approxima-
tion. Unfortunately, both approximations are unable to
predict the frequency-shift and radiative Q-factors, which
arise from the coupling with the radiation.
In this paper, closed form expressions for the radiation
corrections to the real and imaginary part of both elec-
troquasistatic and magnetoquasistatic eigenvalues and of
the corresponding modes are derived. These corrections
only depend on the quasistatic current mode distribu-
tions.
The expression of the radiation corrections may be
greatly simplified if the electroquasistatic mode is dark,
or if the magnetoquasistatic mode generates a vector po-
tential with vanishing normal component to the surface
of the object (A⊥-modes).
The frequency shift of any mode is a quadratic func-
tion of the size parameter, whose prefactor depends on
the ratio between the second order correction and the
quasistatic eigenvalue. The radiative Q-factor is an in-
verse power function of the size parameter whose expo-
nent is the order ni of the first non-vanishing imaginary
correction, while the prefactor is the ratio between the
the static eigenvalue and its ni-th order imaginary cor-
rection.
The resonances of a small objects can be then naturally
classified in two tables, denoted as table of plasmonic res-
onances and table of dielectric resonances, containing the
essential information to analyze and engineer the electro-
magnetic scattering from small objects. In these tables
the resonances are sorted accordingly to their real qua-
sistatic eigenvalue, and characterized by the second order
correction and by the non-vanishing imaginary correction
of the lowest order, i.e. ni. All the quantities contained
in these tables do not depend neither on the size nor on
the permittivity, but only on the quasistatic mode mor-
phology.
The introduced expressions for the resonance fre-
quency and Q-factor are successfully validated by pre-
dicting the resonance peaks and their broadening in the
absorption spectra of a sphere and a finite-size cylinder.
Both Drude-metals and high/moderate index dielectric
are considered.
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